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Abstract

The fluctuations of residues of proteins about their equilibrium configurations are analyzed by the Langevin equation. Residue pairs that
are covalently bonded and those that are within a given cutoff distance of each other are assumed to be connected by linear springs. The
actions of the solvent and intramolecular interactions on each residue are treated as random noise. The correlations of fluctuations resulting
from the solution of the Langevin equation are observed to be identical to those obtained by the Gaussian Network Model based on
equilibrium statistical mechanics. The time-delayed correlations of fluctuations, and the response of the protein to a given frequency and to a
window of frequencies are determined. The fluctuations of the residues resulting from a given fixed externally applied frequency are
evaluated for different modes of the system. Synchronous and asynchronous components of correlations for different modes are formulated.
The findings of the present paper are applied to the 241 residue protein S. marcescens endonuclease (1QLO).

© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Atoms of proteins in the native state exhibit large scale
thermal fluctuations about their equilibrium positions. The
mean square deviation of an atom position from its average
value is proportional to its B-factor. The latter are obtained
from protein crystal structure data and are listed in the
Protein Data Bank files for a large number of proteins whose
three dimensional structure is known [1]. These fluctuations
result from large scale elastic motions [2—4] that contain
significant information on the flexibility and function of the
proteins. A simplified description of these fluctuations is
obtained by treating the bonds between contacting residues,
including the covalently bonded residues along the chain
contour, as linear springs. The analytical model based on
this linear springs model is the Gaussian Network Model,
(GNM) [5], which expresses the Hamiltonian of the system
as a quadratic function in the fluctuations of the alpha
carbons (C%) of the protein. With this Gaussian Hamil-
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tonian, the partition function of the system can be handled
analytically, and the correlations among all residues,
represented by the C%’s, may be obtained through
equilibrium statistical mechanical techniques. The GNM
is based on the simple physical argument that if a residue is
surrounded by several other residues, its fluctuations will be
smaller than the fluctuations of others that have smaller
number of neighbors. Several papers, which followed the
original GNM paper showed that the linear springs picture
does indeed capture the basic physics underlying the
equilibrium fluctuations in proteins [6—10]. The spatial
fluctuations of residues in a protein result from the random
action of the surrounding molecules, and from the
intramolecular interactions within the protein molecule
itself. The dynamics of these fluctuations cannot however be
understood by equilibrium statistical mechanics alone, and
one needs to solve the equation of motion for the
protein + solvent system in order to determine the time
and frequency dependence of the correlations. In the present
paper, we adopt the Langevin equation for this purpose. The
actions of the solvent and intramolecular interactions on
each residue are treated as random noise. The correlations of
fluctuations resulting from the solution of the Langevin
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equation are identical to those obtained by the GNM based
on equilibrium statistical mechanics. The time-delayed
correlations of fluctuations, which cannot be obtained by
the GNM, follow easily from the Langevin equation. We
also obtain the response of the protein to a given frequency
and to a window of frequencies by determining the
frequency components of the time correlation function.
We also evaluate the fluctuations of the residues in response
to a given fixed external frequency for different modes of
motion. This allows us to derive the synchronous and
asynchronous components of correlations. At the end of the
paper, we apply the findings of the present paper to the 241
residue protein S. marcescens endonuclease (1QLO).

We note that Gaussian networks have been analyzed
previously by Graessley and Kloczkowski et al. [11,12]
along similar lines to the methods presented in this paper,
and response spectra of elastomeric networks, in analogy to
the network of contacts in proteins, have been determined.
The elastic model of protein interactions is finding wide
popularity in the literature, specifically in analyzing the
domain motions and global deformation of protein
structure [13-16].

2. Theory
2.1. Representation of the protein

A protein is modeled as a linear chain that consists of N
backbone carbon atoms. In the coarse grained approxi-
mation the backbone atoms are the alpha carbon atoms, C%,
on which all other atoms are assumed to have collapsed. The
position of the ith C* atom is denoted by R;. Neighboring
C% along the chain are joined by virtual bonds. The
spatially neighboring C®s interact through non-bonded
forces. In its native state, the protein obtains a unique
configuration for which the total energy is a minimum. The
minimum energy configuration under excluded volume
constraints is a stable configuration for which the mean
positions R; of the C®s are obtained. At this configuration,
each C* exhibits fluctuations AR;(¢) about the time
independent mean position, R;. The experimentally deter-
mined B-factors, reported in the Protein Data Bank files, are
related to the mean-square fluctuations, (AR?), by the
expression (AR?) = 3/(87)B;, where B; corresponds to the
value for the ith C*.

2.2. The energy of the protein in the Gaussian
approximation

The fluctuations of the residues are subject to quadratic
potentials, leading to the internal Hamiltonian, #

1
H = EARTFAR (1)

The n X n matrix I', where n is the number of residues, is

expressed as
_’y%(rc_rzj) i 7j
Fij = _ Z Fij Pi=j 2)

i(#))

Here, vy is the force constant specifying the strength of the
interaction between contacting residues as well as the
backbone covalent bonds. It has dimensions of force/length.
u is the Heaviside function, rij is the distance between
residue i and j, and 7, is the cutoff distance for first order
contacts, taken as 7.0 A in this and the previous studies. The
relatively small value of 7.0 A is chosen intentionally in
order to include only the closest contacts in space. In
previous work, this cutoff value is taken typically between
10 and 13 A [4-7].

2.3. The Gaussian network model

The GNM is based on the simple idea that the
fluctuations of residues are constrained to move in a domain
whose size should decrease as the number of its neighbors
increase [16,17]. The idea of fluctuation size being
dependent on the number of other objects sharing the
same volume was first developed for the analysis of random
Gaussian networks [16]. It was later shown that this model is
also valid for describing fluctuations in proteins [5,18]. The
partition function for the system whose Hamiltonian is
given by Eq. (1) is written as

Z = C exp[— BAR'TAR] (3)

where B is 1/kT, k being the Boltzmann constant and 7', the
absolute temperature. The average of the fluctuations is
obtained from the partition function according to the
relation

| AR;-AR;exp[—BAR'TAR]d{AR}
[ exp[—BARTTAR]d{AR}
where {AR} = {AR;, AR,, ..., AR,}. Performing the

integrations leads to the correlations between the fluctu-
ations of the C¥’s as

“4)

3 _ 3 _
(AR;-AR;) = ﬁ(r 1);;,' = 26 ; Ak l(uk)i(uk)j )

where, A; and u; are the kth nonzero eigenvalue and
corresponding normalized eigenvector of the I matrix, and
(uy); is the ith component of the kth eigenvector.

2.4. Derivation of the GNM results from the Langevin
equation

Eq. (5) is derived using Boltzmann statistics embodied
by Eq. (4). Here, we reformulate the problem using another
approach based on the Langevin equation [14,15].

The equilibrium state of the system is represented by the
average value of the position vector for each residue,
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R; = (x;,¥;,z;) where the origin of the Cartesian coordinate
system is placed at the centroid, i.e. YN x, = SV,
Vi = vazl z;=0. The system is excited by thermal
noise. To simplify matters, we first look at the motion
along the x-axis. The behavior along the y and z-axes will be
similar. We denote the x-component of the random force
(thermal noise) acting on the ith residue by F;(r). These
forces will cause a perturbation (from equilibrium) Ax;(¢) in
the position of the ith C*. It will be convenient to use vectors

AX(f) = col(Ax, (), Axy(D), ..., Axy(1)) (©6)
Fx(t) = CO](Fxl (t)’ sz(t)’ v FxN(t))

where, F, is the vector of x-components, F;, of the force
(thermal noise) acting on each residue i.
The equation of motion (in x-direction) is then [19]

mAX" + (AX' + TAX = F (1) 7)

where m is the mass of each residue, { is the friction
coefficient, and the thermal noise F,(7) satisfies

(F(OF(1) = £5g8(l —7) ®)

B

Here, 0; is the Kronecker delta and &(t — ¢) is the Dirac
delta function. We express the force in terms of its Fourier
components in a time interval [0, 27T]

F()=Ag+ > cos(%t)Ap +y sin(p%t)Bp 9)
p=1 p=l1

where the vector coefficients A, Ap, and Bp are defined by
Egs. (A-1)-(A-3) of the Appendix.

With this choice of the force, and neglecting the inertia
terms in Eq. (7), the equation of motion becomes

AX' + TAX = A M)A
14 + O—i—;cos(Tt »

0 ) T
+ Z sm(%t)Bp(m) (10)
p=1
which has the solutions
AX(H) = Uy + Z cos(p?ﬂ-t)Up + Z sin(%t)Vp
p=1

+exp(—¢ 'D)C. (11)

Here, the vectors U, and V,, are to be determined and C is
arbitrary. Substituting Eq. (11) into Eq. (10), and equating
the sine and cosine terms yields

v, + g(%)v,, — A, (12)

—§(¥)U,,+FV,, —B, (13)

Egs. (12) and (13) are solved for U, and V,, as
U, =T+ o) '(TA, — {0,B,)

=R,TA, - {0,B,) (14)

V, =T+ oD ' ({w,A, +TB,)

p=7p

=R,({w,A, + 1B, (15)

where, w, = p@/T and R, = aIr‘+ g’zw‘,z,l)*l. Note that in
particular Uy, = I' A,

Our aim is to evaluate the correlation matrix (AXAXT).
For this purpose, we substitute Eq. (11) into the matrix
valued integral, limy_, 1/27 [§" AX(1)AX(r)"dt, and take
the ensemble average. The limit of 7 — oo is taken because
we are interested in the long time averages. The steps
leading to the correlations are as follows:

) 1 2T T
Th_rg <ﬁ . AX(H)AX(r) dt>

= lim <<U0U$> + % i (<U,,U§> + <V,,VZ>)> (16)
p=1

It is to be noted that the exponential term in Eq. (11) cancels
out in taking the long time limit. The averages on the right
hand side of Eq. (16) are obtained, using Egs. (14) and (15)
as

(U,U0,) =R, (A, ADT — {w,(B,A))T

—{w,I{A,B)) + Cwy(B,B} )R, (17)

(V,V}) =R, (I'B,B)I + {w,I'(B,A})
+{w,(A,B)T + Cwy(A,A DR, (18)

The off-diagonal terms of the matrices (A,A}) and (B,B}
in Eqgs. (17) and (18) equate to zero because of Eq. (8). The
diagonal terms are given by Eq. (A-5) in Appendix. The
matrices with mixed products, (A,,B;), (B,,A;) equate to
zero. The resulting expressions for the terms on the right

hand side of Eq. (16) are

(U,UT) = Z‘%TF*Z (19)

| s B
§(<U,,U,T> +(V, V] ) = ﬁ(1“2 + w22 for

p#0 (20)

Substituting Egs. (19) and (20) into Eq. (16), and using the
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definition of w,, we obtain

] 1 2T T
lim <ﬁ . AX(HAX(1) dt>

o1, -
= 2 lim _(EF 2+I;(F2+§2(pW/T)ZI) 1) Q1)

In the limit as 7 — oo, the sum converges to an integral, the
I'2 term on the right hand side goes to zero, and Eq. (21)
becomes

T—oo

) 1 2T T
lim <ﬁ . AX(HAX(F) dt>

J T+ 20 ) ldo= L1“*‘ (22)
2B

The second equality in Eq. (22) is evaluated by diagonaliz-

ing I' as described by Eq. (A-6) in Appendix. Finally since

the y and the z components will contribute in the same way,

we get the correlation

3 o

Ty — N
(ARAR") = 5 BF (23)

Eq. (23) is identical to the result obtained by Boltzmann
statistics outlined in the previous section and given by Eq.
(5). The use of the Langevin equation approach allows for
identifying the contributions of different frequencies to the
correlations whereas this is not possible with the Boltzmann
statistics. We elaborate on this in more detail in the
following sub-section.

2.5. Time-delayed correlation of fluctuations

The time-delayed correlation A(7) = (AR(#)-AR(t +
7)) between AR(7) and AR(z + 7) over a time interval T
is obtained by following the steps leading to Eq. (23). We
first look at the x components; as before,

ctim{ LS L (P
_Th—r»rolo<2,BTF —}—’)Z BTCOS(T )R,,> (24)

where the definition R, = I? + g’zcoﬁl)f1 is used. This
follows from expanding the terms cos(%(r + 1),
sin(Z%(r 4 7)) and following the same steps as above.
When T goes to infinity, the series converges to the integral

£ r cos(wn(I? + Fo’l) 'dw (25)
7B Jo

The matrix valued integral may be computed, as outlined in
Appendix (Eq. (A-8)), by dlagonahzatlon Essentially, as
[§ cos(n(A? + o?) 'do = (e7¢ QLN for 7> 0,

we conclude that

A(n) = il“flefflTF 3

A*l *T/Ti i T, 26
ZB 2B 1 € ulul ( )

[\/]2

1

where 7; is the relaxation time of the ith mode, 7; = J/A,.
The factor 3 appears on the right-hand side of Eq. (26)
because we considered the contributions from the y and z-
components also. This expression is identical to the
equation derived previously [20] by multiplying the
Langevin equation with AX(#)! from the right and
averageing.

2.6. Frequency response of the protein

The integral over the full frequency range in Eq. (22)
implies that the elements of the correlation matrix consist of
contributions from different frequency excitations of the
system. We define the frequency dependent correlation
matrix as A(w) = (ARART),, where the subscript
indicates that only the contribution of that frequency is
considered. Generalizing Eq. (22) for the three components
X, y, and z,

3¢

2 2 21
7TB(F + Zo’T)

A(w) =

T
Z /\2+(§w)2 J J (27)

The response of the system may more suitably be
investigated within a window of frequencies in the interval
[w;, w;]. The integral of Eq. (27) between these limits gives

3 [0}
A e = -5 [" @ ¢

- Co’D) do

= 7TBZ)\ [arctan(wy {A; h

—arctan(w, 2\ )uyuf (28)

The derivation of the second line is described in Appendix
by Eq. (A-9).

Eq. (28) shows a mild correlation between the frequen-
cies w of the external force and the eigenmodes of the
system, i.e. the eigenvalues and eigenmodes of I'. For small
values of w, the dominant terms on the right hand side of Eq.
(28) are the ones corresponding to small eigenvalues since
arcxtanx = O(x) for small x. This leads to the interpretation
that low external frequencies excite mainly the lower modes
whereas high frequencies excite the higher modes of the
system. The response of the system to a given frequency
may better be visualized by considering the rate of change



A. Erkip, B. Erman / Polymer 45 (2004) 641-648 645

of A(w) with . The derivative A’'(w) of Eq. (27) is

_s T

A(w) = uu; 29)
7B =1 [/\]2 +(§w)2]2 J

If only the ith mode is considered, the ratio function has a
maximum at @ = (v/3/3)(\/{) = 0.57735(\;/{). The value
of A’(w) at this maximum is A'(®),,,, = (9/3/87B)(/AD),
which shows an inverse cubic dependence on the ith
eigenvalue. When the response of several modes is to be
considered, it is not possible to locate the maximum of Eq.
(29). However, one may then conveniently consider a
window [w;, w,] of frequencies, and calculate the corre-
sponding contribution of the considered modes to frequen-
cies in this window. The resulting contribution AA(w, ®,)
is

_ 38 @3 — o T
M) =25 2 o Fuopoz 1 Eay ™ OO0

where, the summation may be performed over the modes of
interest.

2.7. Separation of synchronous and asynchronous terms for
correlation spectroscopy of the protein

Using F, (1) = cos(wt) FO for the force in Eq. (7), the
fluctuation of residues for a fixed frequency may be written
from Egs. (11), (14) and (15) as

AX(t) = (T cos(wr) + Lol sin(w)(T* + £ o’T) 'K

+exp(—¢ 'THC (3D

where, F is a vector representing the single frequency input
to the system. Eq. (31) can be expanded in terms of the
eigenvalues A; and the corresponding orthogonal eigenvec-
tors w; of I’

N Acos(wt) + (w sin(wt)
AX() = /
j:zl /\]2 + 2o’

(Fy-u))u;

+exp(—¢ 'THC (32)

Now suppose that the external force excites the kth
eigenmode of the system, i.e. F = u,, so that F© u; = .
We will denote the output by AX(k; 7). In other words,

Acos(wt) + (o sin(wt)

u, +exp(—¢'THC, (33)

We first compute the long time averages, A(k,m)=
(AX(k; 0)AXT(m; 7)) of the time delayed correlation of

the two modes k and m, defined as

1 2T
Ak, m) = lim 7 1, AX(k; HAX(m; 1 + 1) dt

1 2T
Tl—rvlgo 2T 0
Aicos(wt) + o sin(wt)
x 2. 2,2 Uy
M+ Lo

Apcos((t + 1) + Lo sin(w(t + 7)) \T
< /\%1 + é,z (1)2 um)
(34)

As stated in the discussion following Eq. (16), the
exponential terms do not contribute in the long-time limit.
Expanding the parenthesis in Eq. (34) and performing the
integrations over the trigonometric functions, Eq. (34)
reduces to

Ak, m) = ®(k, m, w)cos(wt) + W(k, m, w)sin(wt) (35)

where, @(k, m, w) is the synchronous and Y(k,m, w) is the
asynchronous component of the time-delayed correlation
function associated with the kth and the mth modes for the
frequency w, which read as

_ /\k/\m + é«ZwZ T
P = S0+ 2ang + ) M (0
‘I’(k, m) _ gw(/\k)\m) T (37)

uu,,
2N+ PP + L)

3. Calculations for the protein 1QL0

In this section we investigate the dynamics of the protein
1QLO, which is a 241 residue protein, called S. marcescens
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endonuclease. It is to be noted that 1QLO is a dimer of 482
residues. Due to size restrictions, we considered only the
monomer. This introduces an approximation to the I
matrix, because by considering the monomer, we are
ignoring the inter-protein contacts between residues 178,
180, 225, 226, 229, 231, 232, 235, 236 and 241 of the
respective monomers. However, since this approximation
involves only a very small number of contacts, the errors
introduced by this approximation are negligible. The three
dimensional structure of the monomer is shown in Fig. 1.
The protein has 3 major helices and 6 beta sheets as shown
by the ribbon diagram. The most mobile parts of the protein
are the tails. The most mobile internal residue SERS53,
located in an internal loop is indicated in the figure. The four
pairs of residues that exhibit the highest cross-correlation,
obtained from the off-diagonal terms of the I'"! matrix are:
GLY12-GLY221, SER34-ASP69, THR77-GLY159, and
GLU151-SER168. These pairs are indicated on the figure.
All of the indicated residues are located in the loop regions
that are the most mobile regions of the protein.

In Fig. 2, the experimental B-factors are compared with
the predictions of the GNM, where the lower and upper
curves are from experiment and theory, respectively. The
theoretical curve is obtained as follows: The I' matrix,
defined by Eq. (2), is created by choosing unity for the

T T T T T T T

0.4

c
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S
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covalently bonded pairs and for the ij’th elements with a
cutoff distance of 7 A. The diagonal elements of the inverse
I" matrix is plotted in the upper curve of Fig. 2, where the
front factor 3/(23) is chosen to give the best match with the
experimental values. The curve obtained in this manner is
shifted up in Fig. 2 for clarity of comparison.

Three elements of the correlation matrix, given by Eq.
(27) is plotted in Fig. 3 as a function of frequency, for the
autocorrelation of the most mobile residue, SER53, and for
the cross-correlation of THR77-GLY159, and SER34-
ASP69. The curves obtained in this manner all have
maxima at zero frequency, and decay uniformly with
increasing frequency. These curves are fitted with a single
exponential function exp[—w/wy], and the characteristic
frequency w, obtained from this fitting is shown on each
curve. The fastest decay is for the autocorrelation of SERS3.
The cross-correlations for the two pairs THR77-GLY 159,
and SER34-ASP69 decay more slowly. This is in a way
counter intuitive, because SERS53 contacts three other
residues in space, whereas THR77, GLY159, SER34 and
ASP69 contact 4, 7, 5, and 6 residues, respectively. One
would expect the characteristic correlation frequency to
vary directly with the number of contacts, whereas the
contrary is observed from Fig. 3.

In Fig. 4, the response of the correlation function for

1.04

0.81 |

max

064 |

AAIAA

0.4

0.2

0.0

0 10 20 30 40



A. Erkip, B. Erman / Polymer 45 (2004) 641-648 647

synchronous
W4

asynchironous

Fig. 7.

THR77-GLY159 to a window of frequencies, calculated
according to Eq. (30) is presented for several frequencies.
The frequencies are indicated on each curve. For the
calculations, the front factor 3°/73 and the coefficient  are
set equal to unity. The window w, — w is taken as follows:

A B )‘min

W) — W) = 20 max
n

(38)

Each curve is normalized by dividing with the correspond-
ing AA .« A significant broadening is observed for larger
frequencies because at such high frequencies, a larger
number of eigenvalues are present in the fixed window
[w;, w,], that contribute to the correlation function.
Calculations performed but not presented separately
indicate that the peaks obey the relation wy,,; = 0.545A,,
and the amplitudes scale with A; 37,

In Fig. 5 collective contribution of several modes around
the 10th mode to AA are plotted. The curves are normalized
with respect to AA .. In the figure there are six curves,
calculated with modes 10, 9—11, 8—-12, 7—13, 6-14, and
5-15. One sees that the dominant contribution to the shape
of the curves shown comes from the central mode, and
neither the peak, nor the width are affected by including
modes around the central mode.

The synchronous components of the correlation function,
calculated by using Eq. (36) for the pair THR77-GLY 159
are shown for the modes 1-100 in Fig. 6. The value of {wis
equated to unity in the calculations. Similarly, the
asynchronous components are presented in Fig. 7. The
two figures show that significant synchronousity exists
between different modes, but asynchronousity is mostly
observed between small modes and between small and
larger modes.
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Appendix

Derivation of (A7) and (B;) of Eqgs. (17) and (18): the

vectors A, and B, of the force given in Eq. (9) are the
Fourier coefficients defined by

1 2T

Ao= o= . F(r)dt (A-1)
1 2T

A= JO cos(w,F(1dt (A-2)
1 2T

B, = JO sin(w,)F(H)dt (A-3)

We will derive the ensemble average, (A, A;} in detail. The
others are obtained similarly.
First, we rewrite Eq. (8) in vector form. Since, (F;(¢)-

F;(s)) = = 6;0(t — 5), we have (F(r) FL(s)) = (O/(B)S(t —

$)I, where I is the identity matrix. Then,
T 1 2T 2T T
AA, = ra Jo ,[0 cos(w,t)cos(w,s)F()F(s) ds dt (A-4)

SO
1 2T

2T
7= | JO cos(w,t)cos(w,s)F(OF(s)")ds dt

é’ 2T 2T
= <W ,[0 Jo cos(w,t)cos(w,s)8(t — s)ds dt>I

27
= <B—§2 J cosz(wpt)dt>l = B—{TI (A-5)

0

In the same way, (AAj) = (Z2BDL (B,B)) = ({/BT)L,
and for the mixed terms (A,AJ) = (B,B}) =0forp # ¢

and (A,B}) = 0 forall p,q.
Evaluation of the integral in Egs. (22) and (25): The
matrix integral ff)o (I'? 4+ 2@’ 'dw can be evaluated via
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the eigenvector matrix u of I'. The integrand can be written as
T+ 20D = " 4 £o’DHun’) ™!

= ' T?u+ Zo’hu’) !

=u diagonal[()\_,2 + g“zcuz)_l]uT

I
M=

A+ Fo)) wuf (A-6)

=1
Since [§ V/(A? + Fo?) do = 7/2)A; !, we get from Eq.
(A-6)

J I+ Co’) do = 2_72“ diagonal[A; ' Tu" = Tt
0

2{
(A-T)
Similarly,
J (I + 2o’ cos(wn)dw
0
hd 1
= u diagonal ——cos(wndw |u’
& I:Jo A+ Co? (@) ]
T 1 _—lfg'r T —1_ =\l T
= =T le™ = =)\ e " uu (A-8)

2 %
We note that the integral of the first line of Eq. (A-8) is
computed using the Residue Theorem.

Evaluation of the integral in Eq. (28): As in the
derivation above

i=1

J "+ 20D o

)

N a,z
=X [T 0+ od o fuu

N
= Z Zflf\jfl(arctan wzé’)\fl — arctan o, 5)‘/?1)71“/“}

(A-9)

In particular, when w; = 0 and w, — o0, we recover Eq.
(A-8).
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